Let d be a 6th power free natural number which is not a perfect square or a perfect cube in the rational number field Q. Put θ-Vd\ then K = Q{β) is a real pure sextic number field. We investigate the group of units of K for a special type of d as follows. Let d be given by (The ± signs correspond respectively throughout this paper.) Then As to explicit formulas for the fundamental units of number fields, G. Degert [2] has given one for certain real quadratic fields. As an application of the Jacobi-Perron algorithm (J.P.A.), L. Bernstein, H.-J. Stender and R. J. Rudman has extended Degert's result to certain real pure cubic, quartic and sextic fields (see [9] and [10] ). On the other hand, H. Yokoi has given a different formula for the fundamental units of real quadratic and pure cubic number fields in [11] , [12] and [13] . Theorem 1 is an extension of Yokoi's result to real pure sextic fields. A similar formula can be 463 
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KEN NAKAMULA obtained for the fundamental units of real pure quartic fields (see [7] [1] ).
To prove Theorem 1, we use the same method as in Stender [8] . Let K 2 and K 3 be the quadratic Jand Vubic subfields of K respectively, and let E be the group of units of K. Define the group H of positive relative units of K with respect to K 2 and K 3 by
where N 2 and N 3 denote the relative norm maps from K to K 2 and K 3 respectively. Then H is a free abelian group of rank 1. The fundamental units of the subfields will be determined in §1. A generator of H will be determined in §2. In §3, we shall prove Theorem 1 and show the existence of infinitely many fields which satisfy the condition of Theorem 1. In §4, we shall prove Theorem 2.
The author wishes to thank Prof. H. Yokoi for his advice during the preparation of the manuscript, and Prof. H.-J. Stender for sending a copy of his paper [10] in manuscript. 1* Fundamental units of the subfields* Let i be a natural number given by (1) with natural numbers b and c, and define a as in (2) . Assume that d is neither a perfect square nor a perfect cube in Q. Then K = Q(θ), where θ = fy~d~, is of degree 6 over Q, and it contains the quadratic subfield K 2 = Q{Θ Z ) and the cubic subfield K 3 -Q(θ 2 ). Denote respectively by η 2 and rj 3 the fundamental units of K 2 and K z which are larger than 1. Define the algebraic integers ζ ίf ξ 2 , ξ 3 as in (4) . Then it immediately follows from (3) that their absolute norms are all equal to 1; hence they belong to the group E of units of K. We also see that 1/&& = α 3 + bΨ belongs to E Π K 2 , and that 1/Sifs = α 4 + αW + bΨ belongs to E n K 3 . From (2),
However, the right side of the last inequality is smaller than 1 for a ^ 3, which is a contradiction. When a = 2, we see from (3) that 6 = 1, and then d = 63 is not square free. Since a ^ 2 by (3), w = 1 under our assumption, and the proposition follows. REMARK 1. When d has a square factor, the conclusion of Proposition 1 does not necessarily hold. For example, set b = 1 and e = 22 in (1) and (2) Proof. It follows from T. Nagell [5] (see also [13] ), that the binomial unit ££ 2 = a 2 -b 2 θ 2 is either fundamental unit of K 3 or its square, and the latter occurs only for d = 20, 50 and a finite number of i = ±l(mod9). Now we assume
with relatively prime natural numbers / and g, and write 1/% = {x + 2/# 2 + {zjg)θ*}l% with rational integers α?, y and 2. Then follows similarly as in [5] . 
When a ^ 6, the right side of the last inequality is smaller than 1. Therefore y = 0 and 1/% = {x + (z/g)θ 4 }/3. This is a contradiction, because the square of a binomial unit cannot be binomial. When a -2, 3, 4 or 5, α 6 -1 is 6th power free, and, by (3) This fact will be used in the next section.
2* Relative fundamental unit* Let d, a and K be as in §1. We keep the notation as before. Let H be the group of positive relative units of K with respect to K 2 and K 3 which is defined by (5) . Then, as in [8], §1, II, 8, the group His a free abelian group of rank 1. We denote by ε 1 the generator of H which is larger than 1.
Suppose d>l and is square free. Then, by Propositions 1 and 2, by (3) and (6). However, since a ^ 6 as we have mentioned in Remark 3, the right side of the last inequality is smaller than 1. This is a contradiction.
Thus ε x = ε for b ^ 2, too. We shall find infinitely many square free natural numbers in the sequence {/(c)}Γ=i by the help of Nagell [2] , §2. Evidently, (I) the degrees of the irreducible factors of f(X) are at most 2; (II) the discriminant of f{X) is not zero. For a prime number p, there is a natural number e such that 6 6 /(e) = (We ± I) 6 -1 =£ 0(mod p 2 ) if b •=£ O(modp), and there is a c' such that f(c') = 6c' Ξ£ 0(modp 2 ) if 6 = 0(mod p). This implies that (IV) there is no prime number p such that f(c) = 0(mod p 2 ) for all natural numbers c = 1, 2, . Now let us assume that b is prime to 6. Then (III) the polynomial f(X) is primitive. From (I), (II), (III) and (IV), we can apply [2] , §2, I, and find infinitely many square free natural numbers in {/(e)}Γ=i. When b is not prime to 6, we apply NagelΓs result to (l/2)/(2X + 1), (l/3)/(3X+l) or l/6/(6X+l) in a similar but slightly different manner from the above in order to prove the assertion. 
4.
Real Minkowski unit* Let K = Q(θ)(θ = ^5) be a real pure sextic field, and L = K(ζ) its galois closure, where ζ = exp(2τn/^:T/3). According to A. Brumer [1] , we say a unit f of L is a Minkowski unit of L if we can take 4 conjugates ξ {1) , * ,£ (4) of £ such that ζf f (1) > "' '$ f (4) form a set of fundamental units of L. The galois group of L over Q is generated by the two automorphisms σ and τ which satisfy β° = -ζθ , θ r = 0; ζ σ = ζ, ζ τ = ζ-1 .
The defining relations of σ and τ are σ 6 = τ 2 = (oτ) 2 = 1. We will give an example of a real Minkowski unit of the non-abelian, galois, totally imaginary field L. Since if is a maximal real subfield of L, it suffices to find a unit f of K such that ξ, ξ σ , , ζ°A form a set of fundamental units of L. Now let d, a and if be as in §3. Assume d > 1 and is square free. Using the same notation as before, we first study the subfields of L. Proof, (i) On acconut of (6), vj 2 = l/f^ = α 3 + δ 3^3 is a fundamental unit of iΓ 2 . Suppose that rj 2 is not a fundamental unit of iΓ 2 (ζ). Then since d Φ 3, it follows from S.-K. Kuroda [4] , Satz 14, that Zη 2 = a 2 with an integer a of K 2 Since d φ l(mod 4), we have a = x + yθ 3 with rational integers x and y. Therefore
Comparing the coefficients and taking the norms of both sides of this equation, we see
This leads us to a contradiction after an easy calculation using the fact that d is square free. Hence η 2 = 1/ξ^ = fr (1+σ2+σ4) is a fundamental unit of jBΓ 2 (ζ). (ii) On account of (6) with an integer /3 of Q(ζ) such that (τ//S) + (7//5) r , where 7 = 1 + s" 1 + V3 {1+σ) > is a n integer of if 3 (see K. Iimura [3] , Theorem 1 and Proposition). Put β = x + yζ with rational integers x and y; then we can compute (y/β) + (τ//3) r by (8) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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